We study translation preserving operators, that is operators commuting with translations by a closed subgroup of a locally compact abelian group. We show that there is a one to one correspondence between these operators and range operators. Furthermore, we obtain a necessary condition for a translation preserving operator to be Hilbert Schmidt or of finite trace in terms of its range operator.
Introduction and Preliminaries
For a locally compact abelian (LCA) group G, a translation invariant space is defined to be a closed subspace of L 2 (G) that is invariant under translations by elements of a closed subgroup Γ of G. Translation invariant spaces in the case Γ is closed, discrete and cocompact, called shift invariant spaces, have been studied in [2, 3, 8, 11, 12, 15] , and extended to the case of Γ closed and cocompact (but not necessarily discrete) in [5] , see also [9] . Recently, translation invariant spaces have been generalized in [1] to the case when Γ is closed (but not necessarily discrete or cocompact). In [4] Bownik defined shift preserving operators as bounded linear operators on L 2 (R n ) that commute with integer translations and characterized them via range operators. In [13] , the authors introduced shift preserving operators on LCA groups, whereas our goal in this paper is to define and study translation preserving operators on LCA groups. We define a translation preserving operator as a bounded linear operator on L 2 (G) that commutes with translations by elements of a closed subgroup Γ of G which is not necessarily discrete or cocompact. We characterize such operators in terms of range operators and define a multiplication preserving operator on a certain vector valued space. Following an idea of [1] , we extend the results in [13] to the general setting when G is an LCA group and Γ is a closed subgroup of G. Indeed, we show that there is a one to one correspondence between translation preserving operators on L 2 (G) and multiplication preserving operators on the vector valued space. We use this correspondence to get the characterization of translation preserving operators in terms of range operators. We also show that a translation preserving operator has several properties in common with its associated range operator, especially compactness of one implies compactness of the other. We obtain a necessary condition for a translation preserving operator to be Hilbert Schmidt and of finite trace. This paper is organized as follows. In the rest of this section, we state some required preliminaries and notation related to multiplicatively invariant and translation invariant spaces which are studied by Bownik and Ross in [5] . In Section 2, we define translation preserving operators on L 2 (G), and give a characterization of them in terms of range operators. We achieve our goal by transforming L 2 (G) into a vector valued space, in such a way that translation preserving operators transfer to multiplication preserving operators. Indeed, to characterize a given translation preserving operator U on L 2 (G), we transfer U to a multiplication preserving operator U ′ on a vector valued space, and then we give a characterization of U ′ in terms of range operators. In Section 3, we find relations between some properties of translation preserving operators and the corresponding range operators. For a translation preserving operator U , we show that if U is Hilbert Schmidt (of finite trace), then so is the range operator associated to U . Let (Ω, m) be a σ-finite measure space and H be a separable Hilbert space. A range function is a mapping J : Ω −→ { closed subspaces of H }. We write P J (ω) for the orthogonal projections of H onto J(ω).
It can be shown that L 2 (Ω, H) is isometrically isomorphic to L 2 (Ω) ⊗ H, where ⊗ denotes the tensor product of Hilbert spaces. A subset D of L ∞ (Ω) is said to be a determinig set for L 1 (Ω), if for any f ∈ L 1 (Ω), Ω f gdm = 0 for all g ∈ D implies that f = 0. A closed subspace W of L 2 (Ω, H) is called multiplicatively invariant with respect to a determining set D, if for each φ ∈ W and g ∈ D, one has gφ ∈ W . Bownik and Ross in [5, Theorem 2.4] , showed that there is a correspondence between multiplicatively invariant spaces and measurable range functions as follows. Proposition 1.1. Suppose that L 2 (Ω) is separable, so that L 2 (Ω, H) is also separable. Then for a closed subspace W of L 2 (Ω, H) and a determining set D for L 1 (Ω) the following are equivalent.
(1) W is multiplicatively invariant with respect to D.
(2) W is multiplicatively invariant with respect to L ∞ (Ω).
(3) There exists a measurable range function J such that
Identifying range functions which are equivalent almost everywhere, the correspondence between Dmultiplicatively invariant spaces and measurable range functions is one to one and onto. Moreover, there is a countable subset A of L 2 (Ω, H) such that W is the smallest closed Dmultiplicatively invariant space containing A. For any such A the measurable range function associated to W satisfies J(ω) = span{φ(ω) : φ ∈ A} a.e. ω ∈ Ω.
Through this paper, we assume that G is a second countable LCA group and Γ is a closed subgroup of G. Assume that Γ * is the annihilator of Γ in G. Also suppose that Ω is a measurable section for the quotient G/Γ * and C is a measurable section for the quotient G/Γ. For γ ∈ Γ we denote by X γ the associated character on G, i.e. X γ (χ) = χ(γ) for χ ∈ G. One can see that the set D = {X γ | Ω : γ ∈ Γ} is a determining set for
In [1, Proposition 6.4] it is shown that there exists an isometric isomorphism between L 2 (G) and L 2 (Ω, L 2 (C)), namely Z :
Let Z be as in (1.1). The forthcoming proposition, which is [1, Theorem 6.5], states that Z turns Γ-translation invariant spaces in L 2 (G) into multiplicatively invariant spaces in L 2 (Ω, L 2 (C)) with respect to the determining set D = {X γ | Ω : γ ∈ Γ} and vice versa. It also establishes a characterization of Γ-translation invariant spaces in terms of range functions.
be a closed subspace and Z be as above.
Then the following are equivalent.
Identifying range functions which are equivalent almost everywhere, the correspondence between Γtranslation invariant spaces and measurable range functions is one to one and onto.
Similar to [5, Theorem 5.3] , one can see the following proposition.
Then there exist functions φ n ∈ V , n ∈ N such that, (1) The set {T γ φ n : γ ∈ Γ } is a continuous Parseval frame for S Γ (φ n ).
(2) The space V can be decomposed as an orthogonal sum
A Characterization of Translation Preserving Operators
Let the notation be as in Section 1. A bounded linear operator U on L 2 (G) is said to be translation preserving associated to Γ, if U T γ = T γ U where T γ is the translation operator. The main result in this section is a characterization of Γ-translation preserving operators in terms of range operators. In fact let V be a Γ-translation invariant space with a range function J. A range operator on J is a mapping R from the Borel section Ω of G/Γ * to the set of all bounded linear operators on closed subspaces of
Now we establish a characterization of multiplication preserving operators in terms of range operators in the following theorem. To prove this characterization theorem, we require some preliminaries related to von Neumann algebras. Let M be a subset of B(H), the space of all bounded linear operators on H. The commutant of M is defined as
is said to be a von Neumann algebra, if R = R ′′ . For comprehensive details on von Neumann algebra theory we refer to [6] . (1) U is multiplication preserving with respect to D.
(2) U is multiplication preserving with respect to L ∞ (Ω).
(3) There exists a measurable range operator R on J such that for all φ ∈ W ,
Conversely, given a measurable range operator R on J with ess sup ω∈Ω R(ω) < ∞, there is a bounded multiplication preserving operator U : W −→ L 2 (Ω, H), such that (2.1) holds. The correspondence between U and R is one to one under the usual convention that the range operators are identified if they are equal a.e. Moreover U = ess sup ω∈Ω R(ω) .
Proof. First assume that (3) holds. For φ ∈ W and g ∈ L ∞ (Ω) we have
Thus (2) holds. Also (2) implies (1) trivially. Suppose that (1) holds. For g ∈ L ∞ (Ω) let M g be the multiplication operator M g :
Using the embedding g → M g , we can consider D and L ∞ (Ω) as subsets of B(L 2 (Ω, H)), the set of all bounded linear operators on L 2 (Ω, H). In the context of von Neumann algebras since (1) We show that if {f α } is a net in L ∞ (Ω) converges to f in the weak-* topology, then M fα → M f in the weak operator topology. Using the fact that L 2 (Ω, H) ∼ = L 2 (Ω) ⊗ H, we have for ϕ 0 , ϕ 1 ∈ L 2 (Ω) and ξ 0 ,
By weak operator continuity of ω ξ,η it follows that F is weak-* continuous and thus F ∈ L 1 (Ω). Since x ∈ D ′ , we have F | D = 0 and hence F = 0 which is a contradiction to (2.2). This proves (2) . Now let (2) holds. Assume that A is a countable subset of L 2 (Ω, H) which generates W . By Proposition 1.1
We define the operator S(ω) on the set {φ(ω) : φ ∈ A} by
Then S(ω) is clearly linear. Also for any g ∈ L ∞ (Ω) we have
Since g ∈ L ∞ (Ω) is arbitrary, this implies that
which shows that S(ω) is bounded and hence it is extended to a bounded linear operator R(ω) on span{φ(ω) : φ ∈ A} = J(ω), as is desired in (3) . For the moreover part, (2.4) clearly implies that ess sup ω∈Ω R(ω) ≤ U . Also we have
Thus U = ess sup ω∈Ω R(ω) . Finally, by (2.1) the correspondence between U and R is one to one and onto.
Let us return to the LCA group setting. For a given LCA group G with a closed subgroup Γ, let Ω be a Borel section for G/Γ * and C be a Borel section for G/Γ. Now suppose that V ⊆ L 2 (G) is a Γ-translation invariant subspace and U : V −→ L 2 (G) is a Γ-translation preserving operator. We define an induced functorial operator on the multiplicatively invariant space Z(V ) as
where Z is defined as in Section 1, preceeding Proposition 1.2. The following diagram explains (2.5) .
In the sequal (Theorem 2.5), we apply our characterization theorem (Theorem 2.2) to the operator U ′ so that we can characterize the translation preserving operator U . First, we show that the operator U ′ defined as (2.5) is multiplication preserving.
Proposition 2.3. Let U : V −→ L 2 (G) be a Γtranslation preserving operator and U ′ be the induced operator on Z(V ) as in (2.5) . Then for f ∈ V ,
where X γ is the corresponding character on G, for γ ∈ Γ.
Proof. Using the assumption and the property of Z as in (1.1), we have
By Theorem 2.2 and Proposition 2.3 we obtain the following corollary.
is a Γtranslation preserving operator. Then the induced operator defined by (2.5) is an L ∞ (Ω)multiplication preserving operator.
In [13] , the authors characterized shift preserving operators, operators that are translation preserving with respect to a closed subgroup which is also cocompact and discrete. In the forthcoming theorem, which is the main result of this paper, we characterize translation preserving operators in the case when Γ is not necessarily cocompact or discrete. (1) The operator U is translation preserving with respect to Γ.
(2) The induced operator U ′ is a multiplication preserving operator with respect to L ∞ (Ω). Conversely, given a measurable range operator R on J with ess sup ω∈Ω R(ω) < ∞, there is a bounded translation preserving operator U : V −→ L 2 (G), such that (2.6) holds. The correspondence between U and R is one to one under the usual convention that the range operators are identified if they are equal a.e. Moreover U = ess sup ω∈Ω R(ω) .
Proof. The implication (1) ⇒ (2) is obvious by Corollary 2.4. If (2) holds, then by Theorem 2.2 there exists a measurable range operator R such that for all φ ∈ W , U ′ Zφ(ω) = R(ω)(Zφ(ω)) a.e. ω ∈ Ω, hence ZU φ(ω) = R(ω)(Zφ(ω)) a.e. ω ∈ Ω, as desired in (3) . Suppose that (3) holds. We have for γ ∈ Γ and φ ∈ V ,
Now (1) follows from the fact that Z is one to one. Theorem 2.2 implies that the correspondence between R and U is unique. The moreover part follows from Theorem 2.2 and the fact that U = U ′ .
Some consequences of the characterization Theorem
In this section we establish relations between some properties of translation preserving operators and corresponding range operators. We show that compactness of a translation preserving operator implies compactness of the associated range operator. Furthermore, using equivalent definitions of trace and Hilbert Schmidt norms, we obtain a necessary condition for a compact translation preserving operator to be Hilbert Schmidt or of finite trace. Some required preliminaries related to operators are given in the sequel. For more details, we refer to usual text books on operator theory, e.g. [14, 17] . Recall that an operator T on a Hilbert space H is called compact, if T (B) is relatively compact, where B is the closed unit ball in H. Note that every bounded linear operator with finite rank is compact.
The following proposition states that compactness of a translation preserving operator implies compactness of the corresponding range operator. The proof is similar to [13, Theorem 3.1] in the case of Γ discrete and cocompact, so is omitted. We remark that in [13, Theorem 3.1] the additional assumptions, that Γ is discrete and cocompact, were not used in the proof. Let U be an operator on a Hilbert space H, and suppose that E is an orthonormal basis for H. The Hilbert-Schmidt norm of U , denoted by U HS , is defined as
is the trace of U . Note that the definitions are independent of the choice of orthonormal basis. The following lemma enables us to employ Parseval frames instead of orthonormal bases for defining the Hilbert Schmidt norm and trace of a bounded linear operator. (1) If U is a Hilbert Schmidt operator then so is R(ω) for a.e. ω ∈ Ω.
(2) If U is positive and of finite trace then so is R(ω) for a.e. ω ∈ Ω.
Proof. First note that with the notation as in Proposition 1.3, {T γ φ n : γ ∈ Γ, n ∈ N} is a continuous Parseval frame for V = n∈N S Γ (φ n ) and hence by [1, Theorem 6.6], the set {Z(φ n )(ω) : n ∈ N} is a Parseval frame for J(ω), for almost every ω ∈ Ω. Now let U be Hilbert Schmidt. By Lemma 3.2,
Using the fact that Z is isometry and Theorem 2.5, we obtain
which shows that R(ω) is Hilbert Schmidt, for a.e. ω ∈ Ω. If U is positive and of finite trace, then by Lemma 3.2, the fact that Z is isometry (in the second equality below), and Theorem 2.5 (in the third equality below), The next proposition states that a necessary and sufficient condition for a translation preserving operator to be isometric (self adjoint) is that its corresponding range operator is isometric (self adjoint). The proof is similar to [13, Propositions 3.4, 3.5] and is omitted. Clearly U is a translation preserving operator. By Theorem 2.5 there exists a range operator R such that for every φ ∈ L 2 (R), R(ω)(Zφ(ω)) = (ZU )φ(ω) = Zφ(ω) + exp(iω)Zφ(ω) = (1 + exp(iω))Zφ(ω).
Note that R(ω) is a multiplication operator (multiplication by 1 + exp(iω)) which is not compact. Notice that also U is not compact. Moreover, U * f (x) = f (x) + f (x − 1) and R(ω) * (Zφ(ω)) = (1 − exp(iω))Zφ(ω), where f, φ ∈ L 2 (R).
Example 3.6. For a fixed prime number p, the p-adic numbers Q p is the completion of rational numbers Q under the p-adic norm |.| p defined as follows. Every nonzero rational x can be uniquely written as x = r s p n , where r, s, n ∈ Z and p does not divide r or s. We then define the p-adic norm of x by |x| p = p −n , in addition |0| p = 0. Then Q p is an additive LCA group and I p := {x ∈ Q p : |x| p ≤ 1} is a closed, compact, and open subgroup of Q p . Now consider the operator U : L 2 (Q p ) −→ L 2 (Q p ), given by U φ(x) = φ(x). Then U is clearly an I p -translation preserving operator. By Theorem 2.5, there exists a range operator R such that for any φ ∈ L 2 (Q p ), R(ω)(Zφ(ω)) = (ZU )φ(ω) = Zφ(ω) = Zφ(−ω).
Note that U and R(ω) are both isometries.
